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Completes System for IGS

Insulin-Glucose System (IGS)
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Data Collections for (DM 1)

IVGTT, OGTT
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samples at -30, -15, 0, 2, 4, 6, 8, 10, 12, 15, 20,
25, 30, 35, 40, 50, 60, 80, 100, 120, 140, 160, 180
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Mathematical Modeling of IGS

R. N. Bergman, C. Cobelli model (1979/1981).

Bangalore 08 5/30



Mathematical Modeling of IGS

R. N. Bergman, C. Cobelli model (1979/1981).

A. De Geatano, O. Arino Model in JMB 40(2000).

Bangalore 08 5/30



Mathematical Modeling of IGS

R. N. Bergman, C. Cobelli model (1979/1981).

A. De Geatano, O. Arino Model in JMB 40(2000).

J. Li, Y. Kuang, B. Li Model in DCDS, Serie B
1(2001).

Bangalore 08 5/30



Mathematical Modeling of IGS

R. N. Bergman, C. Cobelli model (1979/1981).

A. De Geatano, O. Arino Model in JMB 40(2000).

J. Li, Y. Kuang, B. Li Model in DCDS, Serie B
1(2001).

A. Mukhopadhyay, A. De Geatano, O. Arino Model in
DCDS, Serie B 4(2)(2004).

Bangalore 08 5/30



Mathematical Modeling

Bergmann, Cobilli Model, (1979/1981).

Ġ(t) = −(b1 + X(t))G(t) + b1Gb, G(0) = b0,

Ẋ(t) = −b2X(t) + b3(I(t) − Ib), X(0) = 0,

İ(t) = b4(G(t) − b5)
+t − b6(I(t) − Ib), I(0) = b7 + Ib.

where (G(t) − p5)
+ = G(t) − p5 if G(t) ≥ p5 and 0

otherwise.

X(t) denotes an auxiliary function representing
insulin-excitable tissue glucose uptake activity.
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Delay Differential equation

Simple example

ẋ(t) = −x(t − 1), t ≥ 0,

x(s) = 1,−1 ≤ s ≤ 0.
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Delay Differential equation

J. Hale, 1977.

ẋ(t) = F (t, x(t), x(t + θ)), t ≥ 0,

x(s) = ϕ(θ),−r ≤ θ ≤ 0.

C([−r, 0], X), L2([−r, 0], X), BR([−r, 0], X), X = R
n
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Mathematical Modeling

De Gaetano and Arino, (2000)

Ġ(t) = −b1G(t) − b4I(t)G(t) + b7, G(0) = Gb + b0,

G(t) = Gb, 0 ≤ t ≤ 0,

İ(t) = −b5I(t) +
b6

b5

∫ t

t−b5

G(s)ds, I(0) = Ib + b3b0.

where G(t) = Gb for −b5 ≤ t < 0
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Mathematical Modeling

J. Li et al., Model, (2001)

Ġ(t) = f(G(t)) − g(G(t), I(t)) + b7, G(0) = Gb + b0

İ(t) = −p(I(t)) + q(L(Gt)), I(0) = Ib + b3b0

with G(t) = G0 for −b5 ≤ t ≤ 0 and
Gt(θ) = G(t + θ), t ≥ 0,−b5 ≤ θ ≤ 0
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İ(t) = −p(I(t)) + q(L(Gt)), I(0) = Ib + b3b0

with G(t) = G0 for −b5 ≤ t ≤ 0 and
Gt(θ) = G(t + θ), t ≥ 0,−b5 ≤ θ ≤ 0

Bangalore 08 12/30



Mathematical Modeling

Mukhopadhayay et al., (2004)

Ġ(t) = −b1G(t) − b4I(t)G(t) + b7, G(0) = Gb + b0,

G(t) = Gb, 0 ≤ t ≤ 0,

İ(t) = −b5I(t) +
b6

b5

∫
∞

0
ω(s)G(t − s)ds, I(0) = Ib + b3b0.

where G(t) = Gb for −b5 ≤ t < 0

This model have positive, bounded solution, and to
be globally asymptotically stable around equilibrium.
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Mathematical Modeling

H. Wang et al. Mathematical modeling and qualitative
analysis of insulin therapies. Math. Biosc. 210(2007).

Ġ(t) = Gin − f2(G(t)) − f3(G(t))f4(I(t − τ3)) + f5(I(t − τ2)),

G(0) > 0

İ(t) = Iin(t) − diI(t), I(t) = I(0), t ∈ [−max(τ2, τ3), 0]

Gin(t), Iin(t) ∈ C are positive ω-periodic function.
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Mathematical Modeling

0 ≤ f2 ≤ b2x and a3x ≤ f3(x) ≤ b3x

f2(G) = Ub(1 − e(−G/(C2Vg))).
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Mathematical Modeling

All solutions of H. Wang et al. model exist for t ≥ 0,
and they are positive and bounded from above.
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Mathematical Modeling

All solutions of H. Wang et al. model exist for t ≥ 0,
and they are positive and bounded from above.
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Model reduction

Sensitivity analysis for model reduction
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Sensitivity Analysis

y = y(p) = f(t, p), p ∈ D,

where D is some open interval and y is differentiable on
D. Let p0 ∈ D be given and assume that p0 6= 0,
y0 = y(p0) 6= 0. In view of our assumption on p0 and y0 it
makes sense to consider the relative errors ∆p/p0 and
∆y/y0. The sensitivity σy,p(p0) of y with respect to p at p0

is defined by

σy,p(p0) = lim
∆p→0

∆y/y0

∆p/p0
=

p0

y0
y′(p0).
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Simple impulses Model

Q̇f (t) = −KfqQf (t) +

n∑
i=1

δ(t − tf,i)Df,i , Qf (0) = Qf,0,

Q̇s(t) = −KsqQs(t) +
n∑

i=1

δ(t − ts,i)Ds,i , Qs(0) = Qs,0,

Ȧ(t) = −KGAA(t) +
n∑

i=1

δ(t − tA,i)DA,i , A(0) = A0.
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Impulses Model

Ġ(t) = −K0frG(t) − KxGII(t)G(t) +
K0G + KGAA(t)

VG
, G(0) = Gb,

İ(t) = −KxII(t) +
(KfqQf (t) + KsqQs(t))

VI
, I(s) = I0.
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Sensitivity analysis

Insulin-Glucose System (IGS)
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Mathematical Modeling

H. Wang et al. Mathematical modeling and qualitative
analysis of insulin therapies. Math. Biosc. 210(2007).

Ġ(t) = Gin − f2(G(t)) − f3(G(t))f4(I(t − τ3)) + f5(I(t − τ2)),

G(0) > 0

İ(t) = Iin(t) − diI(t), I(t) = I(0), t ∈ [−max(τ2, τ3), 0]

Gin(t), Iin(t) ∈ C are positive ω-periodic function.

Bangalore 08 24/30



Mathematical Modeling

H. Wang et al. Mathematical modeling and qualitative
analysis of insulin therapies. Math. Biosc. 210(2007).
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Mathematical Modeling

This model can be written formally as DDE:

Ẋ(t) = F (t,X(t), X(t − τ2), X(t − τ3)), t ≥ 0,

X(s) = ϕ(s),−τ ≤ s ≤ 0, τ = max(τ2, τ3).
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Sensitivity analysis

Lemma 1 There exist a solution to:

v̇(t) = DXF (t,X(t, p), Xt)(v(t)) + DXt
F (t,X(t, p), Xt)(vt)

(1)

+ DpF (t,X(t, p), Xt)(1), t ≥ 0; (2)

(v(0), v0) = (ϕ(0), ϕ) ∈ R
2 × C(−r, 0, R) (3)

for X the solution to H. Wang Model.
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Sensitivity analysis

Theorem 1 For the solution X = (G, I) of H. Wang Model, X has a
derivative with respect to the parameter p, this derivative

D(t) = ∂X(t,p)
∂p satisfies (1-3) with initial condition

(ϕ(0), ϕ) = (0, 0) ∈ R
2 × C(−r, 0; R2).
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Sensitivity analysis

Insulin-Glucose System (IGS)
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Sensitivity analysis

Insulin-Glucose System (IGS)
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